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BOUNDS ON THE NUMBER OF SIMPLE MODULES IN BLOCKS OF
FINITE GROUPS OF LIE TYPE
RUWEN HOLLENBACH
Abstract. Let G be a simple, simply connected linear algebraic group of exceptional type
defined over Fq with Frobenius endomorphism F : G→ G. In this work we give upper bounds
on the number of simple modules in the quasi-isolated ℓ-blocks of GF and GF /Z(GF ) when
ℓ is bad for G.
1. Introduction
Let G be a simple, simply connected linear algebraic group of exceptional type over Fq with
Frobenius endomorphism F : G→ G. Let ℓ be a prime not dividing q.
When ℓ is a good prime for G, explicit basic sets for the quasi-isolated ℓ-blocks of GF were
determined by the author in [17] using [13, Theorem A] and e-Harish-Chandra theory, as
established by Cabanes–Enguehard in [7]. In particular, when ℓ is good for G, we know the
number of irreducible Brauer characters in these blocks.
When ℓ is bad for G, however, the assertion of [13, Theorem A] no longer holds, and
very little is known about the number of irreducible Brauer characters in the quasi-isolated
ℓ-blocks of GF . In this paper we give upper bounds for the number of irreducible Brauer
characters in the quasi-isolated ℓ-blocks of GF when ℓ is bad for G.
For s ∈ G∗F , let ls denote the number of irreducible Brauer characters in Eℓ(G
F , s) (see
Theorem 2.1). We prove the following replacement of [13, Theorem A].
Theorem 1.1. Suppose that G is a simple, simply connected linear algebraic group of ex-
ceptional type defined over Fq with Frobenius endomorphism F : G → G. Let ℓ ∤ q be a bad
prime for G. If s ∈ G∗F is a semisimple quasi-isolated ℓ′-element then
ls ≤


3 |E(GF , s)|, if G = E6, ℓ = 3 and CG∗(s) = A5 × A1,
2 |E(GF , s)|, if G = E7, ℓ = 2 and CG∗(s) = A5 × A2,
|E(GF , s)|+
∑
16=t |E(G
F , st)|, otherwise;
where t runs over the ℓ-elements of CG∗(s)
F such that
(1) st is quasi-isolated; and
(2) CG∗(st)
F 6= C◦G∗(st)
F or C◦G∗(st) is not of type A.
Using Theorem 1.1 and e-Harish-Chandra theory, as established in [12] and [18], we can
determine explicit upper bounds for the number of irreducible Brauer characters in each
individual block in Eℓ(G
F , s) where s ∈ G∗F is a semisimple quasi-isolated ℓ′-element. We
then use these upper bounds to check the Malle–Robinson conjecture for the quasi-isolated
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blocks of the finite groups of exceptional Lie type. Together with the results in [17] this yields
the following.
Theorem 1.2. Let G be a simple, simply connected linear algebraic group of exceptional type
defined over Fq with Frobenius endomorphism F : G→ G. Let ℓ ∤ q be a bad prime for G and
let B be a quasi-isolated ℓ-block of GF or GF/Z(GF ). Then the Malle–Robinson conjecture
holds for B unless, possibly, when GF = E8(q) and B is the block numbered 3 or 8 in the
table in [12, page 358].
Using the reduction of Bonnafé–Dat–Rouquier [1, Theorem 7.7], we can then prove the fol-
lowing corollary to Theorem 1.2.
Corollary 1.3. Let H be a finite quasi-simple group of exceptional Lie type. Let ℓ be a prime
and let B be an ℓ-block of H. Then (H,B) is not a minimal counterexample unless, possibly,
when H = E8(q) and B is numbered 3 or 8 in the table in [12, page 358].
2. Main tools
Let G be a connected reductive group defined over Fq with Frobenius endomorphism F . In
this section we will introduce the notation and the main tools used in the proofs of Theorems
1.1 and 1.2.
Let RGL⊆P denote Lusztig induction from an F -stable Levi subgroup L contained in a parabolic
subgroup P ⊆ G to G and let ∗RGL⊆P denote the adjoint functor (see [11, 11.1 Definition]).
By [2], we can (and will) omit the parabolic subgroup from the subscript for most G and q.
In the few cases where we still do not know if the parabolic subgroup can be omitted, the
proofs of Theorems 1.1 and 1.2 are immediate, which is why we omit the parabolic anyway.
Let G∗ be a group in duality with G with respect to an F -stable maximal torus T of G
(see [11, Definition 13.10]). By results of Lusztig, Irr(GF ) is a disjoint union of so-called
(rational) Lusztig series E(GF , s), where s runs over the GF -conjugacy classes of semisimple
elements of the dual group G∗ (see [8, Definition 8.23]). Recall the following classical result
about the block theory of finite groups of Lie type.
Theorem 2.1 ([5, Théorème 2.2], [16, Theorem 3.1]). Let s ∈ G∗F be a semisimple ℓ′-
element. Then we have the following.
(a) The set Eℓ(G
F , s) :=
⋃
t∈CG∗ (s)
F
ℓ
E(GF , st) is a union of ℓ-blocks of GF .
(b) Any ℓ-block contained in Eℓ(G
F , s) contains a character of E(GF , s).
For good primes ℓ we have the following stronger result. Let χ be an ordinary irreducible
character of GF . We denote the restriction of χ to the ℓ-regular elements of GF by χ◦. We
define Eˆ(GF , s) := {χ◦ | χ ∈ E(GF , s)}.
Theorem 2.2 ([13, Theorem A]). Let G be a connected reductive group defined over Fq with
Frobenius endomorphism F : G→ G. Assume that ℓ is a good prime for G not dividing the
order of (Z(G)/Z◦(G))F . Let s ∈ G
∗F be an ℓ′-element. Then E(GF , s) is an ordinary basic
set for the union of blocks Eℓ(G
F , s).
Note that the assertion of Theorem 2.2 no longer holds for bad primes (see section 1.2 of [14]
for a counterexample). The crux of this work is therefore to find a replacement for Theorem
2.2 when ℓ is a bad prime.
The following results are the key tools in the proof of Theorem 1.1.
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Lemma 2.3. Let G be a connected reductive group defined over Fq with Frobenius endomor-
phism F : G → G. Let s ∈ G∗ be a semisimple ℓ′-element and t ∈ CG∗(s)ℓ. Let L
∗ be the
minimal Levi subgroup containing CG∗(st). Then t ∈ Z(L
∗) if one of the following conditions
is satisfied:
(a) ℓ is good for L∗ and CG∗(t) is connected;
(b) ℓ is good for L∗ and CG∗(st) is connected;
(c) ℓ is good for CG∗(s), the order of s is not divisible by any bad primes for L
∗ and
CG∗(st) is connected.
Proof. Suppose (a) is satisfied. We have
CG∗(st) ⊆ L
∗ ∩ CG∗(t) ⊆ CG∗(t).
By [14, Proposition 2.1] and the fact that CG∗(t) is connected, CL∗(t) = L
∗∩CG∗(t) is a Levi
subgroup of G∗. The minimality of L∗ yields L∗ = L∗ ∩CG∗(t). In other words, L
∗ ⊆ CG∗(t)
which implies that t ∈ Z(L∗).
Assume condition (b) to be satisfied. We have
CG∗(st) ⊆ L
∗ ∩ C◦G∗(t) ⊆ C
◦
G∗(t).
By [14, Proposition 2.1], L∗ ∩C◦G∗(t) = C
◦
L∗(t) is a Levi subgroup of L
∗. As a Levi subgroup
of a Levi subgroup of G∗, C◦L∗(t) is a Levi subgroup of G
∗ itself. Since CG∗(st) ⊆ C
◦
L∗(t), the
minimality of L∗ implies L∗ = C◦L∗(t); in other words t ∈ Z(L
∗).
Assume condition (c) to be satisfied. We claim that L∗ = CG∗(st). Since s and t are
commuting elements of coprime order, we have
CG∗(st) = CCG∗(s)(t) = CCG∗ (t)(s).
In particular, CCG∗ (s)(t) and CCG∗ (t)(s) are connected. By our assumption on the order of s,
CG∗(st) = CC◦
G∗
(s)(t) is a Levi subgroup of C
◦
G∗(s) (see [14, Proposition 2.1]). Additionally,
CG∗(st) ⊆ L
∗ ∩ C◦G∗(s) ⊆ C
◦
G∗(s).
By [17, Proposition 1.10] and our assumption on the order of s, L∗∩C◦G∗(s) is a Levi subgroup
of C◦G∗(s). The minimality of L
∗ therefore yields CG∗(st) = L
∗ ∩ C◦G∗(s) = C
◦
L∗(s). Applying
[14, Proposition 2.1] again, we see that C◦L∗(s) is a Levi subgroup of L
∗. Hence, C◦L∗(s) is
a Levi subgroup of G∗ as well. Now, the minimality of L∗ implies L∗ = C◦L∗(s) = CG∗(st)
which proves the claim. In particular, t ∈ Z(L∗). 
When applying Lemma 2.3, we will always work with F -stable elements. A natural question
is therefore if the minimal Levi subgroup L∗ in Lemma 2.3 is F -stable as well. When CG∗(st)
is connected this is immediate, since we then have L∗ = CG∗(Z(CG∗(st))
◦). When CG∗(st) is
disconnected, we use the following result.
First, we need some notation. If s ∈ G∗F , we denote the G∗-conjugacy class of s by (s)
and its G∗F -conjugacy class by [s]. If Z(G) is disconnected, (s) can split into multiple G∗F -
conjugacy classes. This phenomenon is well understood (see e.g. [15, Theorem 2.1.5 (b)]
where we set Ω = (s))
Lemma 2.4. Let G be a connected reductive group defined over Fq with Frobenius endomor-
phism F : G → G. Let s ∈ G∗F be a semisimple element and let L∗ ⊆ G∗ be the minimal
Levi subgroup containing CG∗(s). Then L
∗ is F -stable.
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Proof. Let
V := {(t,M∗) | t ∈ (s) and M∗ is the minimal Levi subgroup containing CG∗(t)}.
Now G∗ acts transitively on V by conjugation and this action is compatible with the natural
F -action on V . Hence there exists an F -stable pair v = (z, L∗) ∈ V F by [21, Theorem 21.11
(a)]. The stabilizer of v is G∗v = CG∗(z) ∩ NG∗(L
∗) = CG∗(z). By [21, Theorem 21.11] we
therefore have a natural 1-1 correspondence
{G∗F -orbits on V F} ←→ {G∗F -classes in (s)}.
In particular, there is a G∗F -orbit of F -stable Levi subgroups corresponding to [s]. It follows
that the minimal Levi containing CG∗(s) is F -stable. 
We denote the characteristic function of the set of ℓ-regular elements of GF by γℓ′.
Theorem 2.5. Let G be a connected reductive group defined over Fq with Frobenius endo-
morphism F : G → G. Let ℓ be a bad prime for G. Let s ∈ G∗F be a semisimple ℓ′-element
and t ∈ CG∗(s)
F
ℓ . Let L
∗ be the minimal (F -stable) Levi subgroup containing CG∗(st). If
χ ∈ E(GF , st) then χ◦ ∈ QEˆ(GF , s) if one of the following conditions is satisfied:
(a) t ∈ Z(L∗);
(b) C◦G∗(st) is of type A and CG∗(st)
F = C◦G∗(st)
F .
Proof. If t = 1, then χ◦ ∈ E(GF , s) and we are done. Hence, assume t 6= 1. Let L be an
F -stable Levi subgroup of G dual to L∗ (see [11, Definition 13.10]). By [8, Theorem 9.16]
there is a character π ∈ E(LF , st) such that χ = ǫGǫLR
G
L (π).
Suppose that (a) is satisfied. Using a slight variation of the proof of [14, Theorem 3.1],
we show that χ◦ ∈ ZEˆ(GF , s). By [8, Theorem 9.16] there is a character π ∈ E(LF , st) such
that χ = ǫGǫLR
G
L (π). Since t ∈ Z(L
∗)F , there exists a character θt of L
F , dual to t, such
that π = θtλ, where λ ∈ E(L
F , s) (see [11, Proposition 13.30]). The order of θt is equal to
the order of t and is therefore a power of ℓ. Thus, θ◦t = 1
◦
LF
. We have
χγℓ′ = ǫGǫLR
G
L (θtλ)γℓ′
= ǫGǫLR
G
L (θtλγℓ′) ([10, Proposition 3.8])
= ǫGǫLR
G
L (θ
◦
tλ
◦)
= ǫGǫLR
G
L (λ
◦)
= ǫGǫLR
G
L (λ)γℓ′.
By [19, Corollary 6] every irreducible constituent of RGL (λ) lies in E(G
F , s). Since χ◦ =
(χγℓ′)GF
ℓ′
, it follows that χ◦ ∈ ZEˆ(GF , s).
Now, suppose that condition (b) is satisfied. As C◦G∗(st) is of type A and CG∗(st)
F =
C◦G∗(st)
F , every irreducible character in E(GF , st) is uniform (see [11, Definition 12.11]). We
can therefore write
χ =
∑
T ∗⊆C◦
G∗
(st)
αT ∗R
G
T ∗(st),
where T ∗ runs over the F -stable maximal tori of C◦G∗(st) with suitable coefficients αT ∗ ∈ Q.
If we restrict χ to the ℓ-regular elements of GF , we see that
χ◦ =
∑
T ∗⊆C◦
G∗
(st)
αT ∗R
G
T ∗(s)
◦
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because RGT ∗(st)
◦ = RGT ∗(s)
◦ by [16, Proposition 2.2]. Since αT ∗ ∈ Q for every F -stable
maximal torus T ∗ ⊆ C◦G∗(st) (see [11, Proposition 12.12]), it follows that χ
◦ is a Q-linear
combination of the characters in Eˆ(GF , s). This proves the assertion. 
Now, we will introduce the notation and tools needed to prove Theorem 1.2 and its corol-
lary. A semisimple element s of G is called quasi-isolated if its centraliser CG(s) is not
contained in any proper Levi subgroup of G. If, moreover, even C◦G(s) is not contained
in any proper Levi subgroup, s is called isolated. These elements have been classified by
Bonnafé in [4]. We recall the result for simple groups of exceptional type.
Proposition 2.6 (Bonnafé). Let G be a simple, exceptional algebraic group of adjoint type.
Then the conjugacy classes of semisimple, quasi-isolated elements of G, their orders, the root
system of their centraliser CG(s), and the group of components A(s) := CG(s)/C
◦
G(s) are as
given in Table 1.
The order of s is denoted by o(s).
Table 1. Quasi-isolated elements in exceptional groups
G o(s) C◦G(s) A(s) isolated?
G2 2 A1 ×A1 1 yes
3 A2 1 yes
F4 2 C3 ×A1, B4 1 yes
3 A2 ×A2 1 yes
4 A3 ×A1 1 yes
E6 2 A5 ×A1 1 yes
3 A2 ×A2 ×A2 3 yes
3 D4 3 no
6 A1 ×A1 ×A1 ×A1 3 no
E7 2 D6 ×A1 1 yes
2 A7 2 yes
2 E6 2 no
3 A5 ×A2 1 yes
4 A3 ×A3 ×A1 2 yes
4 D4 ×A1 ×A1 2 no
6 A2 ×A2 ×A2 2 no
E8 2 D8, E7 ×A1 1 yes
3 A8, E6 ×A2 1 yes
4 D5 ×A3, A7 ×A1 1 yes
5 A4 ×A4 1 yes
6 A5 ×A2 ×A1 1 yes
Definition 2.7. (a) The ℓ-blocks contained in Eℓ(G
F , s) for a semisimple, quasi-isolated ℓ′-
element s ∈ G∗F are called quasi-isolated. If s = 1 they are also called unipotent. (b) Let
H = GF/Z, for some subgroup Z ⊆ Z(GF ). A block of H is said to be quasi-isolated if it is
dominated by a quasi-isolated block of GF and unipotent if it is dominated by a unipotent
block of GF .
Let e ≥ 1 be an integer. We say an irreducible character of GF is e-cuspidal if ∗RGL (χ) = 0
for every proper e-split Levi subgroup L ( G. Let λ ∈ Irr(LF ) for an e-split Levi subgroup
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L ⊆ G. Then we call (L, λ) an e-split pair. We define a binary relation on e-split pairs
by setting (M, ζ) ≤e (L, λ) if M ⊆ L and 〈
∗RLM(λ), ζ〉 6= 0. Since the Lusztig restriction of
a character is in general not a character, but a generalized character, the relation ≤e might
not be transitive. We denote the transitive closure of ≤e by ≪e. If (L, λ) is minimal for
the partial order ≪e, we call (L, λ) an e-cuspidal pair of G
F . Moreover, we say (L, λ) is a
proper e-cuspidal pair if L ( G is a proper F -stable Levi subgroup of G.
The e-cuspidal pairs of GF are the key ingredient in the parametrization of the blocks of
GF . We write E(GF , (L, λ)) := {χ ∈ Irr(GF ) | (L, λ) ≤e (G, χ)}.
From now on let G be a simple, simply connected algebraic group of exceptional type defined
over Fq with Frobenius endomorphism F : G→ G. Furthermore, suppose that ℓ ∤ q is a bad
prime for G. Let E(GF , ℓ′) :=
⋃
ℓ′-elements s∈G∗F E(G
F , s) denote the union of Lusztig series
corresponding to semisimple ℓ′-elements of G∗F .
Let χ ∈ E(GF , ℓ′). We say that χ is of central ℓ-defect if |GF |ℓ = χ(1)ℓ|Z(G)
F |ℓ and
we say that χ is of quasi-central ℓ-defect if some constituent of χ[G,G]F is of central ℓ-defect.
Using e-cuspidal characters of central ℓ-defect, Enguehard was able to parametrise the unipo-
tent blocks of GF for bad ℓ (see [12]). Later on, Kessar and Malle, used the characters of
quasi-central ℓ-defect to parametrise the quasi-isolated blocks of GF for bad ℓ (see [18]). For
this, they had to prove that the relation ≤e, restricted to the set of e-cuspidal pairs (L, λ)
corresponding to a quasi-isolated element 1 6= s ∈ G∗F , is transitive ([18, Theorem 1.4 (a)]).
In particular, Malle and Kessar showed that RGL satisfies an e-Harish-Chandra theory above
each e-cuspidal pair (L, λ) corresponding to a quasi-isolated element 1 6= s ∈ G∗F ([18, The-
orem 1.4 (b)]).
The reason we focus our attention on the quasi-isolated blocks of GF are the results of
Bonnafé–Rouquier [3] and more recently Bonnafé–Dat–Rouquier [1]. We use their reduction
to quasi-isolated blocks to later prove the corollary to Theorem 1.2.
Notation 2.8. Let B be a quasi-isolated ℓ-block of GF where ℓ is bad. In this case B
corresponds to (exactly) one of the numbered lines in the tables of [12] or [18]. If i is that
number, we will say that B is a block numbered i or that B is of type i. Moreover, if B
is unipotent we add u as a subscript and say that B is a block numbered iu or of type iu.
Next, we will briefly recall the Malle–Robinson conjecture. Let H be a finite group. If
N E K ⊆ H are two subgroups of H , we call the quotient K/N a section of H . The
sectional ℓ-rank s(H) of a finite group H is then defined to be the maximum of the ranks
of elementary abelian ℓ-sections of H . Note that s(K/N) ≤ s(H) for every section K/N of H .
For a block B of H we denote the number of irreducible Brauer characters in B by l(B).
Conjecture (Malle–Robinson, [20, Conjecture 1]). Let B be an ℓ-block of a finite group H
with defect group D. Then
l(B) ≤ ℓs(D).
If strict inequality holds, we say that the conjecture holds in strong form. Since the defect
groups of a given block B are conjugate and therefore isomorphic to each other, we often
write s(B) instead of s(D).
BOUNDS ON THE NUMBER OF SIMPLE MODULES 7
3. The blocks of G2(q) and F4(q)
Let G be a simple, simply connected algebraic group of type G2 or F4 defined over Fq with
Frobenius endomorphism F : G → G. The groups of type G2 and F4 are self-dual and
therefore also of adjoint type. As a result, centralisers of semisimple elements in G are
connected.
The ranks of these groups are small enough to extend the assertion of Theorem 1.1 to all
ℓ-blocks.
Theorem 3.1. Let ℓ ∤ q be a bad prime for G and let s ∈ G∗F be a semisimple ℓ′-element.
Then Eˆ(GF , s) ∪ (
⋃
t Eˆ(G
F , st) generates Q IBr(Eℓ(G
F , s)), where t runs over the ℓ-elements
of CG∗(s)
F such that
(1) st is quasi-isolated; and
(2) CG∗(st) is not of type A.
In particular, ls ≤ |E(G
F , s)|+
∑
16=t |E(G
F , st)|.
Proof. If t ∈ CG∗(s)
F
ℓ satisfies conditions (1) and (2) we can not apply Theorem 2.5, which
is why the corresponding Lusztig series are part of the asserted generating set.
Since {χ◦ | χ ∈ Irr(Eℓ(G
F , s))} generates Q IBr(Eℓ(G
F , s)) by [23, (3.16) Lemma], it suffices
to show that χ◦ ∈ QEˆ(GF , s) for every χ ∈ E(GF , st)), where 1 6= t ∈ CG∗(s)
F
ℓ does not
satisfy conditions (1) or (2). Suppose 1 6= t ∈ CG∗(s)
F
ℓ such that st is not quasi-isolated, i.e.
condition (1) is not satisfied. Let ψ ∈ E(GF , st). Let L∗ ( G∗ be the minimal Levi subgroup
containing CG∗(st). In particular, L
∗ is of classical type and st is a quasi-isolated element
of L∗. If L∗ is a torus, we are done. If L∗ is of type A then t ∈ Z(L∗) by Lemma 2.3 (a).
Thus, ψ◦ ∈ QEˆ(GF , s) by Theorem 2.5(a). Now, suppose that L∗ is of type B or C (hence
G is of type F4). By [22] or [4], we know that either st ∈ Z(L
∗) or that CG∗(st) is of type A.
In the first case, it is immediate that t ∈ Z(L∗) and, therefore, ψ◦ ∈ QEˆ(GF , s) by Theorem
2.5 (a) while in the second case, ψ◦ ∈ QEˆ(GF , s) follows from Theorem 2.5 (b). Suppose
that 1 6= t ∈ CG∗(s)
F
ℓ does not satisfy condition (2). Then ψ
◦ ∈ QEˆ(GF , s) by Theorem 2.5
(b). 
Remark 3.2. Let s ∈ G∗F be a semisimple quasi-isolated ℓ′-element. Note that for 1 6= t ∈
CG∗(s)
F
ℓ , by Table 1, st is only quasi-isolated when s = 1. More precisely, st satisfies both
conditions (1) and (2) only when G is of type F4, s = 1, ℓ = 2 and t ∈ CG∗(s)
F
2 such that
CG∗(t)
F = B4(q) or C3(q)A1(q).
It follows from Theorem 3.1 that, if B is an ℓ-block contained in Eℓ(G
F , s) then a generating
set for Q IBr(B) is given by {χ◦ | χ ∈ Irr(B) ∩ (E(GF , s) ∪ (
⋃
16=t E(G
F , st)))}. Let c(B) :=
| Irr(B) ∩ (E(GF , s) ∪ (
⋃
16=t E(G
F , st)))|. To prove the Malle–Robinson conjecture for the
quasi-isolated blocks B of GF , we show that
l(B) ≤ c(B) ≤ ℓs(B).
We define
e = eℓ(q) := order of q modulo
{
ℓ if ℓ > 2,
4 if ℓ = 2.
Since ℓ is assumed to be a bad prime, the only cases that occur are e = 1 and e = 2.
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Theorem 3.3. Let G be a simple, simply connected algebraic group of type G2 or F4 defined
over Fq with Frobenius endomorphism F : G→ G. Let ℓ ∤ q be a bad prime for G. Then the
Malle–Robinson conjecture holds for the quasi-isolated ℓ-blocks of GF .
Proof. We will prove the assertion for the harder case, namely when G is of type F4. The
proof for type G2 follows the same approach. Let B be a non-unipotent quasi-isolated block
of GF associated to a line in [18, Table 2] and let (L1, λ1), . . . , (Lr, λr) be the e-cuspidal pairs
associated to that block. By Theorem 3.1 and [18, Theorem 1.4] we conclude that
c(B) =
r∑
i=1
|E(GF , (Li, λi))|.
Since RGL satisfies an e-Harish-Chandra theory above each (Li, λi) by [18, Theorem 1.4],
|E(GF , (Li, λi))| = |Irr(WGF (Li, λi))|,
and these relative Weyl groups can be found in [18, Table 2]. Let (L, λ) now be the unique
pair parametrising B = bGF (L, λ) by [18, Theorem 1.2]. LetD be a defect group of B. By [18,
Theorem 1.2 (b)], Z(L)Fℓ ⊆ D and hence s(Z(L)
F
ℓ ) ≤ s(D). We prove the Malle–Robinson
conjecture by establishing the stronger inequality
l(B) ≤ c(B) < ℓs(Z(L)
F
ℓ
) ≤ ℓs(B).
Checking Table [18, Table 2], we see that Z(L)F = Φke is an e-torus in every case. Let ℓ = 3
and let B be a quasi-isolated 3-block. If Z(L)F = Φke , then s(Z(L)
F
3 ) = k. The k’s can
be read off from Table [18, Table 2] and we see that c(B) < 3s(Z(L)
F
3
) in every case. Now,
let ℓ = 2. Let B = bGF (L, λ) be the 2-block corresponding to line 1 of [18, Table 2]. To
prove the conjecture it suffices to take s(Z(L)F2 ) again. Let B = bGF (L, λ) now be the block
corresponding to line 2 of [18, Table 2]. To prove the conjecture we use line 2b of Table
[18, Table 2]. As seen in the proof of [18, Proposition 3.5], the 1-Harish-Chandra series
corresponding to line 2b lies in B. By [18, Proposition 2.17], Z(M)F2 = Φ
4
2 ⊆ D where (M, ζ)
is the pair of line 2b. Note that Φ2 is always divisible by 2 unless q is a power of 2. Since
we are working in cross-characteristic and assume ℓ = 2, this can not be the case. Hence,
Z(M)F2 = Φ
4
2 yields an elementary abelian 2-subgroup of rank 4. It follows that
l(B) ≤ c(B) < 2s(Z(L)
F
2
) ≤ 2s(B).
If e = 2, then the Ennola dual of line 2b gives a 1-split torus Φ41 which yields an elementary
abelian 2-subgroup of rank 4. The rest of the proof did not depend e.
Now, let B be a unipotent block of GF with defect group D. Let (L1, λ1), . . . , (Lr, λr) be
the unipotent e-cuspidal pairs associated to B by [12, Théorème A (a)]. We know that r = 1
whenever B is not the principal ℓ-block by [12, Théorème A (c)]. Let ℓ = 3. In this case
c(B) = | Irr(B) ∩ E(GF , s)| =
r∑
i=1
|E(GF , (Li, λi)|.
This sum can be computed using Chevie [22]. Suppose that (L, λ) is the unipotent e-cuspidal
pair such that B = bGF (L, λ). Then Z(L)
F
3 ⊆ D and we see that c(B) < 3
s(Z(L)F
3
). Hence
the Malle–Robinson conjecture holds. Now, let ℓ = 2. In this case, Q IBr(E2(G
F , 1)) is
generated by E(GF , 1) ∪ E(GF , t1) ∪ E(G
F , t2), where t1 and t2 are quasi-isolated 2-elements
of G∗ with CG∗(t1) = C3 × A1 and CG∗(t2) = B4. There are 3 different unipotent 2-blocks
(see [12]) - the principal block, corresponding to a maximal torus, and two blocks of defect
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zero corresponding to the unipotent e-cuspidal characters of GF . If B = bGF (G, χ) is one of
the blocks of defect zero then Irr(B) = {χ}. Hence l(B) = c(B) and the Malle–Robinson
conjecture clearly holds. Furthermore, it follows that every Lusztig series of the form E(GF , t)
where 1 6= t ∈ G∗F2 , lies in the principal block. Suppose that B is the principal block. Here,
the conjectured upper bound has been proved in [20, Proposition 6.10]. 
4. The quasi-isolated blocks of E6(q) and
2E6(q)
Let G be a simple, simply connected algebraic group of type E6 defined over Fq with Frobe-
nius endomorphism F : G → G. Then GF = E6,sc(q) or
2E6,sc(q) and the dual group G
∗
(which is of adjoint type) contains semisimple elements whose centralisers are disconnected.
However, recall that centralisers of 3′-elements are connected, by [21, Proposition 14.20].
We know a great deal about the Levi subgroups of G.
Lemma 4.1. Let L∗ ⊆ G∗ be a proper Levi subgroup of G∗. Then [L∗, L∗] is simply connected
unless L∗ is of type A22, A
2
2 × A1 or A5.
Proof. This can be checked with Chevie [22]. 
Remark 4.2. It can be checked that every quasi-isolated element z ∈ G∗ of order 6 is of the
form z = st where s is quasi-isolated of order 3 with C◦G∗(s) of type D4, and t is quasi-isolated
of order 2 with CG∗(t) of type A5 ×A1 (or vice-versa).
Proposition 4.3. Let ℓ = 2 and let s ∈ G∗F be a quasi-isolated semisimple 2′-element.
Then Eˆ(GF , s) ∪ (
⋃
t Eˆ(G
F , st) generates Q IBr(E2(G
F , s)), where t runs over the 2-elements
of CG∗(s)
F such that
(1) st is quasi-isolated; and
(2) CG∗(st)
F 6= C◦G∗(st)
F or C◦G∗(st) is not of type A.
In particular, ls ≤ |E(G
F , s)|+
∑
16=t |E(G
F , st)|.
Proof. We proceed as in the proof of Theorem 3.1. Let 1 6= t ∈ CG∗(s)
F
2 be such that st is
not quasi-isolated in G∗. Let ψ ∈ E(GF , st). Let L∗ ( G∗ be the minimal Levi subgroup
containing CG∗(st). Note that the proper Levi subgroups of G
∗ are either of type D or a
product of groups of type A (or maximal tori, in which case t ∈ Z(L∗)). Moreover, CG∗(t)
is connected as t is a 3′-element. If L∗ is of type A then ψ◦ ∈ ZEˆ(GF , s) by Lemma 2.3 (a)
and the proof of Theorem 2.5. Now, suppose that L∗ is of type D. Since [L∗, L∗] is simply
connected by Lemma 4.1, CG∗(st) = CL∗(st) is connected. Therefore ψ
◦ ∈ QEˆ(GF , s) follows
from Lemma 2.3 (c) and the proof of Theorem 2.5. Suppose that 1 6= t ∈ CG∗(s)
F
2 does
not satisfy condition (2). Then ψ◦ ∈ QEˆ(GF , s) by Theorem 2.5 (b). Hence the assertion is
proved. 
To get an upper bound for ls where s ∈ G
∗F corresponds to the blocks numbered 14 and 15,
we will use a slightly different approach. Note that, by [21, Table 24.2]), Z(GF ) = 1 if
(a) GF = E6,sc(q) and 3 ∤ (q − 1), or
(b) GF = 2E6,sc(q) and 3 ∤ (q + 1).
In particular, GFad
∼= GFsc. The assertion of Theorem 1.1 for a semisimple, quasi-isolated
s ∈ G∗F corresponding to the blocks 14, 15 therefore follows from the following result.
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Theorem 4.4. Let G be simple of adjoint type E6 defined over Fq with Frobenius endomor-
phism F : G→ G. Let ℓ ∤ q be a bad prime for G and let s ∈ G∗F be a semisimple ℓ′-element.
Then Eˆ(GF , s) is a generating set of Q IBr(Eℓ(G
F , s)). In particular, ls ≤ |E(G
F , s)|
Proof. Note that there are no quasi-isolated elements in G∗ of order greater than 6. Further,
the quasi-isolated elements of G∗ of order 6 are of the form xy where x is a semisimple quasi-
isolated element of order 2 and y is a generator for Z(G∗F . In particular, CG∗(xy) is of type
A. Let ℓ = 2. If 1 6= s ∈ G∗F is a semisimple quasi-isolated 2′-element, then we can use the
proofs of Section 3. Let 1 6= s ∈ G∗F be a semisimple non-quasi-isolated 2′-element and let
t ∈ CG∗(s)
F
2 . Since st is not quasi-isolated, there is a Levi subgroup L
∗ minimal with respect
to CG∗(st) ⊆ L
∗. Suppose L∗ is of type A, then CG∗(st) = CL∗(st) is a Levi subgroup and
hence L∗ = CG∗(st). If L
∗ is of type D, then CG∗(st) is of type A and we can conclude as we
did before.
Suppose ℓ = 3 now. If 1 6= s ∈ G∗F is a quasi-isolated 3′-element, then CG∗(st) is of type
A for every t ∈ CG∗(s)
F
3 since CG∗(st) = CCG∗ (s)(t) and CG∗(s) is of type A. Let 1 6= s ∈ G
∗F
be a semisimple non-quasi-isolated 3′-element and let t ∈ CG∗(s)
F
3 . The assertion follows
because 3 is a good prime for every proper Levi subgroup of G∗.
Suppose that 1 = s (so we are talking about the unipotent blocks). For ℓ ∈ {2, 3} the
centralisers of semisimple ℓ-elements are either Levi subgroups of G∗ or of type A and since
G is of adjoint type they are connected. Therefore we can conclude as before. 
Theorem 4.5. Let G be a simple, simply connected algebraic of type E6 defined over Fq
with Frobenius endomorphism F : G→ G Then the Malle–Robinson conjecture holds for the
quasi-isolated blocks of GF and GF/Z(GF ).
Recall Notation 2.8.
Proof. We demonstrate the proof for GF = E6(q) and E6(q)/Z(E6(q)). The proofs for
2E6(q)
and 2E6(q)/Z(
2E6(q)) are similar.
We can determine c(B) by checking [18, Table 3]. If B = bGF (L, λ) is a unipotent block
or a non-unipotent quasi-isolated block numbered 1, 2, 4, 5, 8, 9, 10, 11, 12, 14 or 15 then
s(Z(L)Fℓ ) suffices to establish the conjectured upper bound. For the block B numbered 7
we use the 1-cuspidal pair (L, λ) in line 1 (see the proof of [18, Proposition 4.3]). We have
L = C◦G(Z(L)
F
ℓ ) and λ is of central ℓ-defect. By combining [18, Proposition 2.13 (a)] and
[18, Proposition 2.16 (3)], the pair (L, λ) satisfies the conditions of [18, Proposition 2.12].
Hence, (Z(L)F2 , b) is a B-Brauer pair where b is the block of L containing λ. In particular,
Z(L)F2 = Φ
6
1 ⊆ D where D is a defect group of B. For case 3 we use the 2-cuspidal pair from
case 8. The blocks numbered 5, 11 and 13 have to be dealt with using completely different
methods (see Proposition 4.9 and Corollary 4.11).
Let B¯ now be a quasi-isolated block of H = GF/Z(GF ) with defect group D¯ dominated by
a quasi-isolated block B of GF not of type 5, 11 and 13 (for these exceptions see Proposition
4.9 and Corollary 4.11). By [23, Theorem (9.9)(c)], l(B¯) = l(B) and D¯ is of the form
DZ(GF )/Z(GF ), for a defect group D of B. Suppose that ℓ = 2. Since |Z(GF )| is either 1 or
3, D∩Z(GF ) = {1}. Thus, DZ(GF ) is a direct product and it follows thatDZ(GF )/Z(GF ) ∼=
D, i.e. s(D¯) = s(D). Thus, the conjecture holds for B¯ since it holds for B. If ℓ = 3 and
e = 2 (i.e. B is dominated by a block of type 14 or 15), then Z(GF ) = 1. Thus, B¯ = B and
we are done. 
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The blocks numbered 5 and 11
Let G be a connected reductive algebraic group (only for this exposition) and let G∗ be a
dual group. Let W and W ∗ be the Weyl groups of G and G∗ respectively. By [9, Proposition
4.2.3] there is a natural isomorphism W ∼= W ∗. This isomorphism yields a canonical isomor-
phism between NG∗(L
∗)/L∗ and NG(L)/L. Now, fix a semisimple ℓ
′-element s ∈ G∗F and let
L∗ = CG∗(Z
◦(C◦G∗(s))) be the minimal Levi subgroup of G
∗ containing C◦G∗(s). Furthermore
set N∗ = CG∗(s)
F .L∗ and let L be a dual of L∗ in G. Define N to be the subgroup of NG(L)
containing L such that N/L corresponds to N∗/L∗ via the canonical isomorphism between
NG∗(L
∗)/L∗ and NG(L)/L.
Let ℓ ∤ q be a prime. We denote the sum of the block idempotents of the ℓ-blocks contained
in Eℓ(G
F , s) and Eℓ(L
F , s) by eG
F
s and e
LF
s respectively.
Theorem 4.6 (Bonnafé-Dat-Rouquier, [1, Theorem 7.7]). Let the notations be as above.
Then there exists a Morita equivalence
OGFeG
F
s ∼ ON
F eL
F
s
together with a bijection b 7→ b′ between the ℓ-blocks of both sides, preserving defect groups
and such that OGF b is Morita equivalent to ONF b′.
Remark 4.7. Recently a gap was found in the proof of the original result [1, Theorem 7.7].
However the problem arises only (in a very specific case) when groups of type Dn (n ≥ 4)
are involved in G.
Let G now be a simple, simply connected algebraic group of type E6 again. Let s ∈ G
∗F
be a quasi-isolated element of order 3 with CG∗(s)
F = Φ3.
3D4(q).3 and let B be of type 6 or
12 (see cite[Table 3]Malle-Kessar). We see that L∗ = CG∗(s)
◦. Furthermore, N/L is cyclic
of order 3. Hence, we are in the situation of [1, Example 7.9]. Thus, there exists a Morita
equivalence OGFeG
F
s ∼ ON
F eL
F
1 together with a bijection as in Theorem 4.6 between the
blocks on both sided that preserves defect groups and such that corresponding blocks are
Morita equivalent. So every block contained in Eℓ(G
F , s) is Morita equivalent to a block of
NF which itself covers a unipotent block of LF .
Remark 4.8. Let H be a finite group and K EH . If B is a block of H covering a block b of
K then B has a defect group D such that D ∩ K is a defect group of b (see [23, Theorem
(9.26)]. We use this fact in the case where H = NF and K = LF .
Proposition 4.9. Let s ∈ G∗F be a quasi-isolated element of order 3 such that CG∗(s)
F =
Φ3.
3D4(q).3. Let B be of type 6 or 12. Then c(B) = 12 and 4 ≤ s(B). In particular, the
Malle–Robinson conjecture holds in strong form for the blocks of type 5 and 11.
Proof. We demonstrate the proof for the blocks of type 5. Let B be a block numbered 5.
By Proposition 4.3, c(B) = | Irr(B) ∩
(
E(GF , s) ∪ E(GF , st)
)
| where t ∈ CG∗(s)
F
2 such that
CG∗(st)
F = Φ3.A1(q)A1(q
3).3. It can be shown that | Irr(B) ∩ E(GF , s)| = 8 and | Irr(B) ∩
E(GF , st)| = 4. Hence, c(B) = 12.
For the lower bound on s(B) we use Theorem 4.6 and the classification of unipotent
blocks in bad characterstic obtained by Enguehard [12]. Let D be a defect group of B.
We are interested in elementary abelian 2-sections of D. By Theorem 4.6 we can reduce
this to the study of defect groups of the Bonnafé–Dat–Rouquier correspondent block of NF
which itself covers a unipotent block of LF . By Remark 4.8, we are done if we can find a
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sufficiently large elementary abelian 2-section in the defect groups of this unipotent block
of LF . We can furthermore reduce this to the study of the defect groups of the unipotent
blocks of the group 3D4(q) = [L, L]
F as can be seen as follows. Restriction of characters gives
a bijection E(LF , 1) → E([L, L]F , 1) (see e.g. [11, Proposition 13.20]). By the character-
theoretic characterization of covering blocks (see [23, Theorem (9.2)]), we know that the
unipotent blocks of LF cover the unipotent blocks of [L, L]F . By the classification of unipotent
blocks in [12], the only unipotent 2-block of 3D4(q) is the principal block. So it is enough to
show that the Sylow 2-subgroups of 3D4(q) have an elementary abelian section of order 16.
Checking [15, Table 4.5.1], we see that there is a subgroup C (the p′-part of the centralizer of
an involution of 3D4(q)) of type (A1(q)× A1(q
3))/S such that Z(A1(q)) = Z(A1(q
3)) = 〈m〉
and S := {(1, 1), (m,m)}. Since the two A1-factors are of simply connected type their Sylow
2-subgroups - denoted by Q and Q′ respectively - are generalized quaternion. Clearly, m is
contained in both of them and is moreover also contained in their commutator subgroups.
Hence, S is contained in Q×Q′ and in [Q,Q]× [Q′, Q′]. In particular (Q×Q′)/S is a Sylow
2-subgroup of C and is therefore contained in a Sylow 2-subgroup of 3D4(q). We have
((Q×Q′)/S)/([Q,Q]× [Q′, Q′]/S) ∼= (Q×Q′)/([Q,Q]× [Q′, Q′])
∼= Q/[Q,Q]×Q′/[Q′, Q′]
∼= C2 × C2 × C2 × C2,
where the last isomorphism is a general property of generalized quaternion groups. Hence,
4 ≤ s(B). 
The block numbered 13
We demonstrate the ideas for GF = E6,sc(q). The arguments for
2E6,sc(q) are similar. Let
B = bGF (L, λ) be the block of G
F numbered 13. In particular, ℓ = 3 and e = 1 and B
corresponds to s ∈ G∗F with CG∗(s) = A5 × A1. To prove the assertions of Theorems 1.1
and 1.2 for s and B respectively, we will use block theory to shift from the simply connected
group to their dual group, which is of adjoint type. Here, the problems with disconnected
centralisers do not arise. We will proceed as follows:
(1) Determine an upper bound on ℓ(B) via the adjoint groups.
(2) Determine a lower bound on s(B) via the simply-connected groups.
This approach is supported by the following diagram (which follows from [21, Proposition
24.21] for example).
GFad G
F
sc
[
GFad, G
F
ad
]
GFsc/Z(G
F
sc)
∼=
By the theory of dominating blocks (see e.g. [23, Chapter 9]), B dominates a unique block
B of GFsc/Z(G
F
sc) with a defect group D = D/Z(G
F
sc). The isomorphism
[
GFad, G
F
ad
]
∼=
GFsc/Z(G
F
sc) yields a block of
[
GFad, G
F
ad
]
isomorphic to B with the same defect group. We
denote that block by B again. By the theory of covering blocks (see e.g. [23, Chapter 9]),
B is covered by a unique block B˜ with a defect group D˜ satisfying D˜ ∩
[
GFad, G
F
ad
]
= D. We
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can say even more. Let T (B) be the inertial group of B in GFad. Since G
F
ad/
[
GFad, G
F
ad
]
is a
group of order 3, there are only two options for T (B).
(1) T (B) =
[
GFad, G
F
ad
]
or (2) T (B) = GFad
If we are in case (1), then D˜ = D and l(B˜) = l(B) by [23, (9.14) Theorem]. In particular,
|D˜| = |D|
3
. If we are in case (2), then d(B˜) = d(B) + 1 by [23, (9.17) Theorem] and l(B) ≤
3 · l(B˜) by Clifford theory and the fact that every irreducible Brauer character of
[
GFad, G
F
ad
]
is covered by an irreducible Brauer character of GFad. In particular, |D˜| = |D|.
Since l(B) = l(B), we have l(B) = l(B˜) in case (1) and l(B) ≤ 3 · l(B˜) in case (2). By
Theorem 4.4, c(B˜) := | Irr(B) ∩ E(GF , s)| is an upper bound for l(B˜). Hence, in case (1) it
suffices to show
l(B) = l(B˜) ≤ c(B˜) ≤ 3s(B),
and in case (2) it suffices to show
l(B) ≤ 3 · l(B˜) ≤ 3 · c(B˜) ≤ ℓs(B)
or c(B˜) ≤ 3s(B)−1.
Remark 4.10. Let B be an arbitrary block of GFsc corresponding to a semisimple ℓ
′-element
s 6= 1. Let π denote the projection from Gsc to Gad. In general it is not known if B˜
corresponds to π(s). So far, this has only been proved for unipotent ℓ-blocks when ℓ is a
good prime for G (see [6, Theorem 12]).
In any case, we are not able to immediately transition from B to B˜ as we lack the necessary
theory. However, we know that |D˜| is either |D| or |D|
3
. Hence, if we denote set of blocks of
GFad with defect groups of order |D| or
|D|
3
by S(B) then B˜ ∈ S(B).
We can determine S(B) using e-Harish-Chandra theory. First note that similar arguments
as in the proofs in [18] also work for the groups of adjoint type and are, in fact, much easier
(since there are no disconnected centralisers). Furthermore, the results in [18] can easily be
extended to non-quasi-isolated blocks. In particular, if an arbitrary block B˜ (with defect
group D˜) of GFad corresponds to the e-cuspidal pair (L˜, λ˜) of Gad then Z(L˜)
F
ℓ ⊆ D˜ and the
order of D˜ is known.
To prove the Malle–Robinson conjecture for B it therefore suffices to prove
c(B′) ≤ 3s(B)−1 ∀B′ ∈ S(B).
The sectional 3-rank of B is at least 6 since Z(L)F3 = Φ
6
1 ⊆ D. Moreover, c(B
′) can be
determined for every B′ ∈ S(B). It turns out that
c(B′) ≤ | Irr(B) ∩ E(GF , s)| < 3s(Z(L)
F
3
)−1 = 243 ≤ 3s(B)−1 ∀B′ ∈ S(B),
where s is a quasi-isolated element of GFsc associated to B. Hence the Malle–Robinson con-
jecture holds for B. Let B be the block of GFsc/Z(G
F
sc) with defect group D dominated B.
Then D ∼= D/Z(GFsc). Since Z(G
F
sc) = C3, s(D) is either s(D) or s(D)− 1. So to show the
conjecture for the block B of GFsc/Z(G
F
sc) it certainly suffices to show that
c(B′) ≤ 3s(B)−2 ∀B′ ∈ S(B).(1)
Since 3s(B)−2 ≥ 36−2 = 81 is greater than the size of every Lusztig series of GFad, the conjecture
holds for B by the same arguments as above.
As a corollary of this section we get the following result.
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Corollary 4.11. Let ℓ = 3, e = 1 and s ∈ G∗F be semisimple such that CG∗(s) = A5 × A1.
Then ls ≤ 3 · |E(G
F , s)|. If B is the block of GF numbered 13 or the block of GF/Z(GF )
dominated by that block then the Malle–Robinson conjecture holds for B.
Proof. We demonstrate the proof for the case GF = E6(q). Here, E3(G
F , s) = Irr(B) where B
is the block of GF numbered 13. By the above we therefore have ls = l(B) ≤ 3 · E(G
F , s). 
With this the assertions of Theorem 1.1 and Theorem 1.2 have been proved for the groups
of type E6.
5. The quasi-isolated blocks of E7(q)
Let G be a simple, simply-connected algebraic group of type E7 defined over Fq with Frobe-
nius endomorphism F : G → G. Since the center of G is disconnected, we encounter the
same intricacies we encountered for E6.
Let ℓ be a bad prime for G not dividing q. Let 1 6= s ∈ G∗F be a semisimple, quasi-isolated
ℓ′-element and let t ∈ CG∗(s)
F
ℓ . Checking Table 1, we see that elements of order 6 are not
isolated and elements of order greater than 6 are not quasi-isolated in G∗.
Lemma 5.1. Let L∗ ⊆ G∗ be a proper Levi subgroup of G∗. Then [L∗, L∗] is simply connected
unless L∗ is of one of the following types: D6, A5×A1, A3×A2×A1, D5×A1, A5, D4×A1, A3×
A21, A2 ×A
3
1, A3 × A1, A
4
1, A
3
1.
Proof. This can be checked using Chevie [22]. 
Proposition 5.2. Let ℓ = 3 and let s ∈ G∗F be a quasi-isolated semisimple 3′-element.
Then Eˆ(GF , s) ∪ (
⋃
t Eˆ(G
F , st) generates Q IBr(E3(G
F , s)), where t runs over the 3-elements
of CG∗(s)
F such that
(1) st is quasi-isolated; and
(2) CG∗(st)
F 6= C◦G∗(st)
F or C◦G∗(st) is not of type A.
In particular, ls ≤ |E(G
F , s)|+
∑
16=t |E(G
F , st)|.
Proof. Similar to the proof of Proposition 4.3. We use that the Levi subgroups of type E6
have a simply connected derived subgroup. 
Remark 5.3. Let z be a quasi-isolated element of order 6 in G∗. It can be shown (using Chevie
for example) that z = st where s is quasi-isolated of order 2 with [C◦G∗(s), C
◦
G∗(s)] = E6, and
t is quasi-isolated of order 3 with CG∗(t) = A5 × A2 (or vice-versa).
Theorem 5.4. Let G be a simple, simply connected algebraic group of type E7 defined over
Fq with Frobenius endomorphism F : G → G. Let ℓ ∤ q be a bad prime for G. Then the
Malle–Robinson Conjecture holds for the quasi-isolated ℓ-blocks of GF and GF/Z(GF ).
Proof. By Ennola duality we can assume that e = 1. Let ℓ = 3. Except for the blocks
numbered 2, 8, 9, 10 and 11, it is, first of all, easy to determine c(B) and secondly, s(Z(L)F3 )
suffices to establish the Malle–Robinson conjecture where (L, λ) is the e-cuspidal pair associ-
ated to the given block. For the block numbered 2, line 2b of [18, Table 4] yields a sufficient
lower bound on s(B). To prove the conjecture for the blocks of type 8, 9, 10 or 11, we need
to determine how the Lusztig series corresponding to the ℓ′-elements satisfying conditions (1)
and (2) of Proposition 5.2 decompose into 3-blocks. Recall that
|GF | = q63Φ1(q)
7Φ2(q)
7Φ3(q)
3Φ4(q)
2Φ5(q)Φ6(q)
3Φ7(q)Φ8(q)Φ9(q)Φ10(q)Φ12(q)Φ14(q)Φ18(q)
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By the assumption on e, the only Φi(q), appearing in the expression above that are divisible
by 3 are Φ1,Φ3 and Φ9. While Φ1(q) can be divisible by higher powers of 3 (depending on
q), Φ3(q) and Φ9(q) are only divisible by 3. Hence,
|GF |3 = |Φ1(q)|
7
3 |Φ3(q)|
3
3 |Φ9(q)|3 = 3
4 |Φ1(q)|
7
3.
Let B = bGF (L, λ) be a block of type 8, 9, 10 or 11 and let D be a defect group of B. By [18,
Theorem 1.2] we know that D is a Sylow 3-subgroup of an extension of Z(L)F3 by WG(L, λ).
Hence, |D| = |Z(L)F3 ||WG(L, λ)|3. By the definition of the defect of B (see [23, Definition
(3.15)]) we have
|GF |3/|D| = min{χ(1)3 |χ ∈ Irr(B)}.(2)
We get the following table.
B |D| |GF |3/|D|
8 34 |Φ1(q)|
7
3 1
9 3 |Φ1(q)|
3
3 3
3 |Φ1(q)|
4
3
10 32 |Φ1(q)|
4
3 3
2 |Φ1(q)|
3
3
11 |Φ1(q)|3 3
4 |Φ1(q)|
6
3
We start with the blocks numbered 8 and 9. Let s ∈ G∗F be the semisimple element
corresponding to the blocks numbered 8 and 9. By Proposition 5.2, Eˆ(GF , s) ∪ Eˆ(GF , st),
where t ∈ CG∗(s)
F
3 such that CG∗(st)
F = Φ1A2(q)
3.2, generates QE3(G
F , s). We claim
that the series E(GF , st) is contained in the block numbered 8. Let Ψst denote the Jordan
decomposition associated with st (see [8, Corollary 15.14]). Let χ ∈ E(GF , st). By [11,
Remark 13.24] we have
χ(1)3 =
|GF |3
|CG∗(st)F |3
Ψst(χ)(1)3.
The right side of this equation can easily be computed and we observe that χ(1)3 < 3
3|Φ1(q)|
4
3
for every χ ∈ E(GF , st). So it follows from (2) that E(GF , st) is fully contained in the block
numbered 8. We argue similarly for the blocks of type 10 and 11. It can be shown that
the Lusztig series corresponding to the quasi-isolated element of order 6 (appearing in the
generating set for the union of the blocks of type 10 and 11) is contained in the blocks of
type 10.
For the quasi-isolated blocks of GF/Z(GF ) we use the arguments of the proof of Theorem
4.5.
Let ℓ = 2 now. Since we assumed that e = 1, a quasi-isolated 2-block of GF or GF/Z(GF )
is either of type 1u. 3u, 1, 2, respectively dominated by one of them. For the blocks numbered
1u and 2u, s(Z(L)
F
2 ) suffices to establish the conjecture. For the blocks numbered 1 and 2
we will argue as we did for the block numbered 13 of E6(q). The assertion then follows from
Corollary 5.6 below. 
The blocks numbered 1 and 2
In this section we finish the proof of Theorem 5.4 (therefore finishing the proof of the assertion
of Theorem 1.2 for E7(q)) and the proof of the assertion of Theorem 1.1 for E7(q). As before
we can assume that e = 1.
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Theorem 5.5. Let G be a simple algebraic group of adjoint type E7 defined over Fq with
Frobenius endomorphism F : G → G. Let ℓ ∤ q be a bad prime for G and let s ∈ G∗F be
a semisimple ℓ′-element. Then Eˆ(GF , s) generates Q IBr(Eℓ(G
F , s)), unless possibly if ℓ = 2
and
(1) s = 1, or
(2) CG∗(s) = D6.
In particular, ls ≤ |E(G
F , s)| unless s satisfies (1) or (2).
Proof. Suppose that ℓ = 3. Let 1 6= s ∈ G∗F be a semisimple 3′-element and let t ∈ CG∗(s)
F
3 .
Then, either CG∗(st) = A5×A2 or st is not quasi-isolated in G
∗. In the first case, we conclude
as we did before for connected centralisers of type A. Hence, suppose that st is not quasi-
isolated in G∗. Let L∗ be the minimal Levi subgroup containing CG∗(st). In particular, st is
quasi-isolated in L∗. If L∗ is of type E6 then either t ∈ Z(L
∗) or CG∗(st) is of type A. If L
∗
is of classical type, then 3 is a good prime for L∗. So we are done by Theorem 2.5.
Let ℓ = 2. Let s ∈ G∗F be a semisimple 2′-element and let t ∈ CG∗(s)
F
2 . If conditions (1)
and (2) are not satisfied then either t ∈ Z(L∗), where L∗ is the minimal Levi subgroup of G∗
containing CG∗(st), or CG∗(st) is of type A. However, if (1) or (2) are satisfied there exist
t ∈ CG∗(s)
F
2 such that CG∗(st) = CG∗(t) = D4×A
2
1. In this case none of our methods can be
applied. 
Let ℓ = 2. For a 2-block B of GFsc with defect group D we denote the set of blocks of
GFad with defect groups of order |D| or
|D|
2
by S(B). For the blocks 1 and 2 we will use the
same approach that we used for the block numbered 13 in the last section. Let s ∈ G∗Fsc be
a quasi-isolated element corresponding to the block numbered 1 (respectively 2). By [18],
E2(G
F , s) consists of only one block. Let B be numbered 1 (respectively 2) and let D be a
defect group of B. Note that the blocks corresponding to the two exceptions in Theorem
5.5 do not lie in S(B). As before we define c(B′) = | Irr(B′) ∩ E(GFad, s
′)|, where s′ ∈ G∗Fad is
associated to the block B′ of GFad. It turns out that
c(B′) ≤ |E(GF , s)| < 2s(Z(L)
F
2
)−1 = 64 ≤ 2s(B)−1 ∀B′ ∈ S(B).(3)
Let B be the block of GFsc/Z(G
F
sc) dominated by B. For the block numbered 1 we have
s(Z(L)F2 ) = s(Z(L)
F
2 /Z(E7,sc(q)) since 4 | (q − 1) for e = 1 (see [18, Table 4]). Similarly we
argue for the block numbered 2 using line 2b. Hence, it suffices to show
c(B′) ≤ |E(GF , s)| < 2s(Z(L)
F
2
)−1 = 64 ∀B′ ∈ S.
However, this was established above when we proved the conjecture for the block B.
As a corollary of these arguments we have the following.
Corollary 5.6. Let ℓ = 2 and let s ∈ G∗F be a quasi-isolated semisimple 2′-element. Then
ls ≤ 2 · |E(G
F , s)|. Moreover, if B is a quasi-isolated block of GF or GF/Z(GF ) then the
Malle–Robinson conjecture holds for B.
Proof. Similar to the proof of Corollary 4.11. 
6. The quasi-isolated blocks of E8(q)
LetG be a simple, simply connected algebraic group of type E8 defined over Fq with Frobenius
endomorphism F : G → G. Recall that simple algebraic groups of type E8 are both simply
connected and adjoint. We will therefore omit any specification of the isogeny type as we did
in Section 3.
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Theorem 6.1. Let ℓ ∤ q be a bad prime for G and let s ∈ G∗F be a semisimple quasi-isolated
ℓ′-element. Then Eˆ(GF , s) ∪ (
⋃
t Eˆ(G
F , st) generates Q IBr(Eℓ(G
F , s)), where t runs over the
ℓ-elements of CG∗(s)
F such that
(1) st is quasi-isolated; and
(2) CG∗(st) is not of type A.
In particular, ls ≤ |E(G
F , s)|+
∑
16=t |E(G
F , st)|.
Proof. Similar to the proofs of Theorem 3.1 and Propositions 4.3 and 5.2. 
Theorem 6.2. Let G be a simple, simply connected algebraic group of type E8 defined over
Fq with Frobenius endomorphism F : G → G. Let ℓ ∤ q be a bad prime for G. Then the
Malle–Robinson conjecture holds for the quasi-isolated ℓ-blocks of GF unless, possibly, if B
is the block numbered 3 or 8 in the table in [12, page 358].
Proof. First, suppose that ℓ = 2. Let B = bGF (L, λ) be a quasi-isolated 2-block of G
F .
Except for the blocks of type 3u, 8u, 2, 8 and 9, s(Z(L)
F
2 ) suffices to establish the conjectured
upper bound. Let B = bGF (L, λ) be numbered 2, 8 or 9. Recall that we have a normal series
Z(L)Fl E P := CD(Z(L)
F
2 )ED,
where D is a defect group of B. Furthermore, by [18, Proposition 2.1 and 2.7], P is a defect
group of the block of LF containing λ. Now, in all cases (2, 8 and 9) CL∗(s) is a maximal
torus of L∗. Let M ⊂ G be an F -stable torus dual to CL∗(s). There is a Morita equivalence
OLF eL
F
s ∼ OM
F eM
F
1 ,
(see Theorem 4.6) with a bijection between the blocks on both sides preserving defect groups.
In particular, s(D) = s(D′) where D′ is a defect group corresponding to D by this bijection.
Since M is a torus, there is only one block on the right side of the equivalence, namely
the principal block of MF . Every defect group of that block is a Sylow 2-subgroup of MF .
Now, the structure of MF can be read off from [18, Table 5]. Hence, we can determine
s(D) and observe that c(B) ≤ 2s(D). If B = bGF (L, λ) is numbered 3u or 8u then we have
c(B) = | Irr(B) ∩ E(GF , 1)| = 6 but s(Z(L)F2 ) = 2. So we either need a better bound for
l(B) or a better understanding of the defect groups of B to establish the conjectured upper
bound (or the conjecture is false). So far both are missing.
Now, suppose that ℓ = 3 or 5. Let B = bGF (L, λ) be a quasi-isolated ℓ-block of G
F . In
this case, s(Z(L)Fℓ ) suffices to establish the conjectured upper bound. 
7. Proofs of the main statements
The proofs of Theorems 1.1 and 1.2 are given by combining the results of the previous sections.
Proof of Theorem 1.1. The assertion of Theorem 1.1 follows from Theorem 3.1, Proposition
4.3, Corollary 4.11, Proposition 5.2, Corollary 5.6 and Theorem 6.1. 
Proof of Theorem 1.2. If ℓ is good for G the assertion follows from [17, Theorem B] and if ℓ
is bad for G the assertion follows from Theorems 3.3, 4.5, 5.4 and 6.2. 
Before we prove the Corollary to Theorem 1.2 we introduce the object in question. Let H
be a finite group and let B be an ℓ-block of H . Then (H,B) (or just B, if H is understood)
is called a minimal counterexample to the Malle–Robinson conjecture if
(1) the conjecture does not hold for B, and
18 RUWEN HOLLENBACH
(2) the conjecture holds for all ℓ-blocks B′ of groups K with |K/Z(K)| strictly smaller
than |H/Z(H)| having defect groups isomorphic to those of B.
Proof of Corollary. Suppose that (H,B) is a minimal counterexample to the Malle–Robinson
conjecture. Let D be a defect group of B. By [20, Proposition 6.4], H is not an exceptional
covering group of a finite group of exceptional Lie type. By [20, Proposition 6.5], H is not of
Lie type 2B2,
2G2, G2,
3D4 or
2F4. Hence, H = G
F/Z, where G is a simple, simply connected
group of exceptional type (F4, E6, E7 or E8), F : G → F is a Frobenius endomorphism and
Z ⊆ Z(GF ) is a central subgroup. By [20, Proposition 6.1], ℓ does not divide q. Let B′ be
the unique block of GF that dominates B and let D′ be a defect group of B′. In particular,
l(B) = l(B′) and s(D) = s(D′). By [1, Theorem 7.7], B′ is Morita equivalent to an ℓ-block
b of a subgroup N of GF and their defect groups are isomorphic. In particular, l(B′) = l(b)
and s(B′) = s(b). If s is not quasi-isolated, then N is a proper subgroup. By the minimality
of (H,B), B is therefore a quasi-isolated block of H . By [17, Theorem B], ℓ is bad for G. By
Theorem 1.2, if a minimal counterexample exists it would be (E8(q), B1), where B1 is one of
the 2-blocks numbered 3u or 8u. 
References
[1] C. Bonnafé, J.-F. Dat, and R. Rouquier. Derived categories and Deligne-Lusztig varieties II. Ann. of
Math. (2), 185(2):609–670, 2017.
[2] C. Bonnafé and J. Michel. Computational proof of the Mackey formula for q > 2. J. Algebra, 327:506–526,
2011.
[3] C. Bonnafé and R. Rouquier. Catégories dérivées et variétés de Deligne-Lusztig. Publ. Math. Inst. Hautes
Études Sci., 97:1–59, 2003.
[4] C. Bonnafé. Quasi-isolated elements in reductive groups. Comm. Algebra, 33(7):2315–2337, 2005.
[5] M. Broué and J. Michel. Blocs et séries de Lusztig dans un groupe réductif fini. J. Reine Angew. Math.,
395:56–67, 1989.
[6] M. Cabanes and M. Enguehard. Unipotent blocks of finite reductive groups of a given type. Math. Z.,
213(3):479–490, 1993.
[7] M. Cabanes and M. Enguehard. On blocks of finite reductive groups and twisted induction. Adv. Math.,
145(2):189–229, 1999.
[8] M. Cabanes and M. Enguehard. Representation Theory of Finite Reductive Groups, volume 1 of New
Mathematical Monographs. University Press, Cambridge, 2004.
[9] R.W. Carter. Finite Groups of Lie Type: Conjugacy Classes and Complex Characters. Wiley Classics
Library. Wiley, 1993.
[10] F. Digne and J. Michel. Foncteurs de Lusztig et caractères des groupes linéaires et unitaires sur un corps
fini. J. Algebra, 107(1):217 – 255, 1987.
[11] F. Digne and J. Michel. Representations of Finite Groups of Lie Type. London Mathematical Society
Student Texts. University Press, Cambridge, 1991.
[12] M. Enguehard. Sur les l-blocs unipotents des groupes réductifs finis quand l est mauvais. J. Algebra,
230(2):334–377, 2000.
[13] M. Geck. Basic sets of Brauer characters of finite groups of Lie type. II. J. London Math. Soc. (2),
47(2):255–268, 1993.
[14] M. Geck and G. Hiss. Basic sets of Brauer characters of finite groups of Lie type. J. Reine Angew. Math.,
418:173–188, 1991.
[15] D. Gorenstein, R. Lyons, and R. Solomon. The Classification of the Finite Simple Groups. Number 3.
Part I. Chapter A, volume 40 ofMathematical Surveys and Monographs. American Mathematical Society,
1998.
[16] G. Hiss. Regular and semisimple blocks of finite reductive groups. J. London Math. Soc. (2), 41(1):63–68,
1990.
[17] Ruwen Hollenbach. Basic sets for quasi-isolated blocks of finite groups of exceptional lie type.
arXiv:1905.10754, 2019.
BOUNDS ON THE NUMBER OF SIMPLE MODULES 19
[18] R. Kessar and G. Malle. Quasi-isolated blocks and Brauer’s height zero conjecture. Ann. of Math. (2),
178(1):321–384, 2013.
[19] G. Lusztig. On the finiteness of the number of unipotent classes. Invent. Math., 34(3):201–213, 1976.
[20] G. Malle and G. R. Robinson. On the number of simple modules in a block of a finite group. J. Algebra,
475:423–438, 2017.
[21] G. Malle and D. Testerman. Linear Algebraic Groups and Finite Groups of Lie Type. Cambridge Studies
in Advanced Mathematics. University Press, Cambridge, 2011.
[22] J. Michel. The development version of the chevie package of gap3. J. Algebra, 435:308–336, 2015.
[23] G. Navarro. Characters and Blocks of Finite Groups, volume 250 of London Mathematical Society Lecture
Note Series. Cambridge University Press, Cambridge, 1998.
FB Mathematik, TU Kaiserslautern, 67663 Kaiserslautern, Germany.
E-mail address : hollenbach@mathematik.uni-kl.de
